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ABSTRACT 

A perturbative SU{2)l x U{1)y electroweak theory containing W, Z, 
photon, ghost, lepton and quark fields, but no Higgs or other fields, gives 
masses to W, Z and the non-neutrino fermions by means of an unconven¬ 
tional choice for the unperturbed Lagrangian and a novel method of renor¬ 
malisation. The renormalisation extends to all orders. The masses emerge 
on renormalisation to one loop. To one loop the neutrinos are massless, 
the A Z transition drops out of the theory, the d quark is unstable and 
5-matrix elements are independent of the gauge parameter 
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1. Introduction 

It is widely considered that the Standard Model may be a low-energy 
effective held theory and that the Higgs boson might not exist (see e.g. [1,2]). 
This paper describes a perturbative SU{2)l x U{1)y electroweak theory 
that contains only W and Z bosons, the photon, ghosts and n generations 
of leptons and quarks, and in which W, Z and fermions gain masses via 
renormalisation, in a way illustrated by a toy model [3]. There are no scalar 
helds, nor any new particles such as technifermions or preons, in the theory. 

The effective Lagrangian density C, given by (6) (section 2), is similar 
to that of standard electroweak (GSW) theory with its Higgs sector omit¬ 
ted; also, for simplicity, family mixing has been suppressed. The action is 
SU{2)l X U{1)y BRS-invariant, as it is in GSW theory. We make the de¬ 
composition C = Cq + Cl and renormalise in an unconventional way. The 
physical masses of IT, Z and the fermions emerge on renormalisation to one 
loop. The theory is renormalisable, by the method proposed, to all orders. 

Renormalising to one loop, we are able to choose values for the coun¬ 
terterm parameters that give masses to the IT and Z bosons while keeping 
the photons massless, give suitable masses to the fermions, renormalise the 
vertices to their usual forms (with renormalised parameters qr, Or that 
equal the unrenormalised quantities g, 9) and satisfy the conditions for 
SU{2)l X U{1)y invariance. This renormalisation requires the neutrinos 
to be massless and mw = cos 6 to hold, where 6 is the Weinberg angle 
transforming from IT^, to Z^, fields. The resulting propagators and 
vertices, and so S'-matrix elements, are independent of the gauge parameter 
^ in C. Also, the loop quantity that mediates A ^ Z is finite, with 

the result that the divergent renormalisation factors Z^ , Z^ from the 
contiguous A, Z lines cause the A Z transition to vanish from the theory, 
at least to one loop. Further, we do not need to renormalise the left and 
right components of fermion propagators separately. 

In addition to this one-loop development, we outline, for the IT, Z, 
photon and charged lepton propagators, and (as an example) the WWZ 
vertex, proposed procedures for renormalising the theory to all orders, while 
continuing to fix arbitrary boson and fermion masses. 

How should To be chosen? The norm is to take the quadratic part of a 
given C (prior to the insertion of any Zi = \ — Ci renormalisation factors) to 
be To- Thus, for 


C =-\{dy,Ay - dyA^f (1) 
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traditionally one would take for Cq the quadratic part explicitly present 
here; then £, with a gauge-fixing term added and Zi factors inserted, would 
define a massless QED theory. However, we recall that Schwinger [4] gave 
an exact solution from (1) in 1 -|- 1 spacetime dimensions, in which the 
only physical particle is a massive vector boson (see [5]). Also, we recall 
that C in GSW theory, in its initial form, does not contain vector boson 
mass terms of the form yet that theory gives massive W and Z 

bosons. From a contemporary perspective, in which C and its symmetries 
are central, it appears to be legitimate, given £, to admit any choice for Cq 
that leads to a theory that is self-consistent and, in the case of a physical 
theory, fits experiment. As regards gauge symmetry, i.e. the BRS symmetry 
of the action, we recall that in QED, QCD and GSW theory, while the 
action S = f d'^xC is invariant under the appropriate BRS transformations, 
the partial-actions 5o,i = / are not, so that gauge invariance places 

no immediate condition on the choice of Cq; ultimately, that choice must 
lead to a gauge-independent 5-matrix. As in QED and QCD, the gauge 
symmetry is broken in the present theory in going from C to Cq; however, 
we find that 5-matrix elements are independent of the value of the gauge 
parameter ^ in £, (6), as is the case in QED, QCD. 

We make a decomposition, C = Cq + Ci^ m which Cq contains fermion 
mass terms. Using the fields defined in section 2, we place the mass term 

Cm — 'y A ^ujlUjaUja 4“ '^djldjadja) (2) 

in Cq and place —Cm in Ci, so that C is unchanged and the SU{2)l x U{1)y 
invariance is unbroken. With the usual definition of “bare”, the bare masses 
of all particles are zero, since there are no masses in C. We refer to the 
masses in (2) as “initial” masses. For a stable fermion, the initial mass 
mi is later put equal to the renormalised mass mR. The theory does not 
predict or impose values for the masses of non-neutrino fermions (or of W, 
Z) and in that sense the masses mi are arbitrary. This arbitrariness may 
be compared with that of the Yukawa coupling parameters that determine 
the fermion masses in GSW theory. The splitting of zero made to place 
Cm^ —Cm in To, Cl is logically on the same footing as the splitting made of 
m'lpil) in QED, to place m.physV’V’ in To and 6m'4)'4’ in Ti. It might appear 
that the Tm, —Cm step must be nugatory, since resulting mass terms from 
To, Cl cancel in the denominators of the full, improper propagators, i.e. 
in {^ — m — [—m + + c.t.]}; however, the mji also contribute to the 

self-energy functions nnd 7r^u{k) for the fermions and W, Z bosons, 

leading to masses for these particles. 
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The self-energy tensor for W oi Z can be written in the form 

= {k^ky - g^vk^)T^{k^) + k^kyT{k^) + Qf^upik'^) (3) 

with p{k‘^) defined not to contain a factor k'^. The terms pw{k‘^), Pz{k‘^) are 
central to the generation of the W and Z masses in this theory. To one loop, 
only fermion loops contribute to p{k‘^), and r(/c^) is zero. The development 
requires that the initial fermion masses niji are of 0{g^), k > 1, and we 
take A: = 1 in this paper. Then it turns out that the W and Z masses are 
0{g), as they are in GSW theory. 

We use dimensional regularisation (which is usual in electroweak theory 
[6,7]), working in d = 4 — 2e dimensions. Much work has been done on the 
problem of 7® in this regularisation and its variant, dimensional reduction, 
and the various approaches have given the same results in a variety of cal¬ 
culations to two and three loops (see e.g. [8-14]). Using the prescription of 
a formal 7® that is totally anticommuting with 7^ in d dimensions [15], and 
the couplings and propagators given in section 2, a calculation to one loop 
of the divergent parts of pw{k'^) and pz{k‘^) gives 

2 

Pwe = p^zl cos^ 0 = Y. 1 + 1 + 3m| 1 ). (4) 

Since the SU {2)lxU ( 1 )v invariance does not permit £, (6), to contain gauge 
boson mass counterterms, these terms cannot be directly cancelled. In our 
renormalisation procedure we use the cw, cb counterterm parameters in C 
to cancel the most divergent part (at any given order) of k‘^'Ky/{k‘^) — py/ik"^) 
at k"^ = m^, and similarly for Z. 

The W and Z bosons and many of the fermions are unstable; however, 
the usual perturbative and LSZ formalisms [16] do not accommodate unsta¬ 
ble particles in a consistent way (see e.g. [17-19]). For example, in the usual 
approach the initial and final state vectors \i), \ f) of a matrix element Sfi 
represent physical states that at t ^ Too comprise specified sets of physical 
particles assumed stable. Consequently, the well-known unitarity argument 
for the existence of Higgs bosons [20], involving W or Z bosons in initial 
or final states, is open to question. It is often assumed that stable-particle 
perturbation theory can be used with an unstable particle represented by a 
propagator in which the mass is complex, i.e. that the (principal) denom¬ 
inator of the propagator is of the form — A4^, with complex (see 
e.g. [21,22] for the complex mass of Z in GSW theory). Then, if we apply 
the LSZ reduction formula [7] to a diagram containing an unstable particle 
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or an external line, the result is zero, since the projection operator for the 
particle, containing a real mass m (from Cq), operates on the propagator, 
containing a complex mass M. Since the zero result is independent of m, 
the reduction formula does not restrict m, as it does for a stable particle 
(to be rriR). On this basis, we take my/i = mzi = 0 in this paper, and 
renormalise to the complex masses Mwi -M-z- Further, we see that if we 
deal with unstable particles by means of complex-mass propagators, then 
the usual interpretation by means of the Cutkosky rules [24] of the S'-matrix 
unitarity relation, which, writing S' = 1 -|- zT, is 

Tfi — T*j — = 0, (5) 

is rendered ambiguous, because for a complex-mass unstable particle one 
cannot identify a state carrying a real mass corresponds to the physical 
particle. We propose that the physical interpretation should be made at 
the level of the renormalised theory. These issues are problems also for the 
Standard Model. Questions of gauge invariance and unitarity with unstable 
particles, and the complex Z pole mass, are discussed in the literature [25- 
27]. In this paper we use the standard perturbative formalism even though 
most of the particles are unstable, as is commonly done for the Standard 
Model, but it is clear that we cannot deal with unitarity in the absence of a 
consistent unstable-particle extension of perturbation theory. Consequently, 
we do not discuss unitarity further in this paper. 

Section 2 deals with the Lagrangian, the SU{2)lxU (l)y BRS-invariance 
of the action, Cq, quantisation and propagators. Section 3 discusses the 
renormalisation to all orders of the W and Z propagators to obtain W and 
Z masses, and of the photon and ghost propagators; then renormalises these 
propagators to one loop explicitly; also, it shows how A ^ Z mixing drops 
out of the theory to one loop. In section 4 the renormalisation of charged 
lepton propagators to all orders is discussed, followed by the renormalisation 
of all lepton and quark propagators to one loop, to give suitable masses. In 
section 5 we deal with the vertices. We outline a proposed renormalisation 
of the WWZ vertex to all orders, then complete the renormalisation of 
the theory to one loop, showing that the resulting counterterm parameters 
satisfy the conditions for SU{2)l x U{1)y invariance. We also point out 
that the theory renormalised to one loop has S'-matrix elements that are 
independent of the gauge parameter Q Section 6 sums up these themes and 
their relation to other, similar work. 
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2. Lagrangian, SU{2)l x U{1)y invariance, £o? propagators 

The Lagrangian density is essentially that of standard GSW theory with 
Higgs fields omitted and quark mixing suppressed. It is 


C 


- k{20-^[{d • Wf + (d • Bf)] 

+h{^^,g*k)^^gk + + f3{d^g*B)d^VB 


+^E 

-E' 


f2lL^L^^L + f2eReR^eR + hqLQaL^gaL 
+ f2uRUaR^UaR + f2dRdaR^daR 

fuL^li^gT ■ W)(-L + {CIL — \g')iL$iL + {CeR — g')eRl/ieR 

+flqLqaL{\gT • W)qaL + (CqL + lg')qaL^qaL , 

+ {CuR + \ g ') UaR$UaR + {cdR - \ g ') daR$daR 

( 6 ) 


where g' = tan 6, fi = 1 — Ci, with the q {cw, cr, • • •, C 2 iL, ■ ■ •) being coun¬ 
terterm parameters of 0{g'^) and higher; — diyWj^ {k = 1, 2,3) 

and similarly for and for A^y, Z^y below; and g^, gs are 

the ghost fields. The sums are over n generations of lepton and quark 
fields £j{i'j,ej),qja{uja,dja), j = l,...,n and over the colour index a; 
suppressing j, we have written £r, qaL for the left-handed doublets, cr, 
UaR, daR for the singlets (the fields rjr are absent) and f 2 iL, f 2 eR, ■ ■ ■ for 
f 2 ejL, f 2 ejR, ■ ■ ■, fujL, etc. In (i = 4 — 2e dimensions, g is to be replaced by 
gg^, with g dimensionless and g a scale mass, in the usual way; this is left 
implicit in what follows. 

It is straightforward to ensure in the usual way [7,28] that we have 
an SU{2)l x U{1)y gauge theory. We transform to bare fields = 

■■■ and parameters = fQ^fwk Cr = U^fB^ gl = fifw^'^g, 

95 — fw9-’ ■ • • • Then the action S = f d'^xC is invariant under an 

SU (2 )L BRS transformation [28] of the bare fields, provided that 

fw ^ ^ f 2 £jL kqjL 

fl fb fl fujL flqjL ’ 

which ensures that g\ = di = ''' • The action is also invariant under a 
suitable U{1)y BRS transformation of the fields without the imposition of 
any conditions, in the usual way. 

Returning to the form (6), we transform in the standard way to the fields 

= Wf^sinO + R^cos0, = IT^cos^ - B^sinO, IT± = (l/v/2)(IT^i ^ 
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7]*+= {l/V2){r]l-ir]^), r] = (l/^/2)(r/i + zr? 2 ), = (l/\/2)(r/t + 

^^ 2 )) = ( 1 /V 2 )(^i —iV 2 ): V*^ = ^3 sin 0 +r/g cos 0 , 77 "^ = r /3 sin^+T^g cos 0 , 

rj*^ = r/l cos 9 — r]*Q sin 6 and r]^ = 773 cos 9 — r]B sin 0. The resulting couplings 
of the W, Z, A, new ghost and fermion fields are the same as those in GSW 
theory [7]. The quadratic boson-ghost part of C is 

+ /z + ^fwW+Wt^'^] + ic^z 

-hm~"[{d • + {d ■ Zf + 2(5 • lT+)(5 • fT")] 

/3[(5^77*+)5^77- + (5^77*-)5'^77+ + (5^77*^)5V + (9;.77*^)5^77^], 

( 8 ) 

where 

fA,z = fw,B sin^ 9 + fB,w cos^ 9, (9) 

cuz = (cvF — cs) sin0cos0. (10) 

The counterterm parameters ca, cz are defined by /a = 1 — ca, fz = 1 — cz- 
As discussed in section 1 , initial quark and charged lepton masses are 
introduced by placing Cm, (2), in Cq. We also place —Cm in £ 1 , so that C 
is unchanged and the SU{2)l x ?7(l)y invariance is not broken. In section 4 
the masses TTT-eji, rnuji, mdji are taken to be 0{g) (and we find that the 
initial neutrino masses must be zero). This leads, in section 3, to W and 
Z masses of 0{g), which is the case also in GSW theory. Including Cm, we 
take Cq to be 

Cq = -i(A^,A^" + Z^,Z^" + 2IT+^ITr) 

-(20"M(5 • Af + (5 • zf + 2(5 • lT+)(5 • IT")] 

+( 5 ^ 77 *+) 5 ^ 77 - + ( 5 ^ 77 *- 5 '" 77 + + {d^r]*^)d>^r]^ + ( 5 /, 77 *^) 5 ^ 77 ^ 

+ - mei)i -f qa{i^ - ?Uqi)< 7 „], (11) 

in which the fermion part has been abbreviated. If all the particles were 
stable, we could proceed by using the usual path integral or canonical quan¬ 
tisation method. We assume that perturbation theory can be extended to 
encompass unstable particles so that we obtain from Cq the propagators 
that would result in the stable-particle case, viz. 

= -ik~‘^[gf,y + {i-l)k^kuk~\ 

iD{k^) = ik~‘^, 
iSpif) = 
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( 12 ) 

(13) 

(14) 



for the massless proto-VF, proto-Z, A, ghost and the fermion fields. Because 
we do not give a physical interpretation of the basis vectors of the state space 
(or protoparticles) generated by and we have the simplification that 
the part of Cq can be quantised without the imposition of a gauge 

condition designed to single out physical states. For the part of Cq we 
can proceed in a standard way. The usual quantisation procedure gives, from 
Cq, a set of particle states that includes a unique, nondegenerate vacuum, 
like that of QED, in which the VEV of each field is zero. 

With these propagators, and with the fermion generations and fermion- 
gauge boson couplings the same as they are in GSW theory, there are no 
anomalies in the theory. 

3. Renormalised boson and ghost propagators and masses 

For each boson, labelled by J = IF, Z, d, we sum the series 

= iDj^^ + iDjf,a{i^y)iDjpu H-, (15) 

where is defined by 

= {kpK - giiiyk‘^)'kj{k‘^) + kpkuf{k^) + gpi,p{k^), (16) 

in which 

TTjik^) = TTjik^) - Cj, fj{k‘^) = T{k‘^) +ceC^, (17) 

where 7rj{k‘^), T{k‘^), p{k'^) are given by the self-energy integrals with p{k‘^) 
defined not to contain a factor kP', and cj, cg are counterterm parameters, 
with CA, cz given by (9). In d Z subdiagrams the d, Z lines are linked 
by ikpy, with 

“ giJ.uk‘^)kAz{k'^) + kpkuTAzik"^) + g^iuPAzik"^), (18) 

in which 

kAz{k^) = T^Az{k^) - CAZ, (19) 

with CAz given by (10). To one loop (see below), Tj{k‘^) = 0, the divergent 
parts of pw 7 Pz are given by (4) and PA{k‘^) = 0, which might be true to all 
orders, as it is in QED. 

In the usual way, the sum in (15) is given, correctly to any chosen 
by 

= ... , . .L - [gf,u + kpk,yQj{k‘^)], (20) 

(1 + TTj)k^ -PJ 
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where 


( 21 ) 


Qj{k^) 


C{^j + rj + 1 ) - 1 

k'^ -C{PJ + k^Tj) ■ 


We outline a proposed procedure for renormalising the W and Z prop¬ 
agators to all orders to give masses to these bosons, and renormalising the 
photon and ghost propagators to all orders. Then we renormalise the W, 
Z, photon and ghost propagators to one loop. 

We define the 0{g‘^^) component TT 2 n{k‘^) in 7r(/c^) = J2'^2n{k‘^), and, 
similarly, T 2 n and p 2 n- Following the conventions of calculations beyond 
one loop in QED and QCD, in which the propagators have the forms (12), 
(13), (14), and the dimensions of coupling parameters and the topologies 
of diagrams are essentially the same as in this theory, we can take 'K 2 n{k‘^) 
(generated in the usual way by n-loop diagrams not containing counterterm 
insertions plus (n — j)-loop diagrams with insertions) in the form 


7r2n(fe^) = 5'^"'[vr2n,ne + 'K2n,n-l{k^ - V'K2nfi{k‘^ (22) 


where 7r2n,n is real and independent of and the initial masses rriji. 

Since the rriji are 0{g), and we encounter 'K 2 n{k‘^ = A4^) with A4 of 0{g), 
any expansions of 7r2n,u{k‘^, '>nji), 7i'2n,(T(A4^, m^^) as series in g'^ would cause 
T^ 2 n{k‘^) to contain < 7 ^^, N > n. However, we do not need to make such 
expansions in order to renormalise the theory, and it is convenient to refer 
to Tr 2 n{k‘^), 7r2n(A4^) as being of 0{Eg‘^^, €“"■), where Eg‘^'^ indicates the ex¬ 
plicit 5 '^"' factor in (22) and e”” is the highest power of e~^ that is present. 
(This factor e”” is independent of any expansion that might be made of 
'^ 2 n,a terms as series in g^. When we encounter g^TT 2 n terms we shall extend 
the notation to 0{Eg ‘^'^~^^We treat T{k‘^) in the same way. On di¬ 
mensional grounds and from the structure of the integrals, p{k‘^) is of the 
form Yl,'^']iPj{k‘^): with rriji = Pjig (section 4), so that an (n — 2)-loop 
diagram free of counterterm insertions generates a component of pik"^) of 
the form (22), with p 2 n,n = P 2 n,n{Pji), of 0{Eg‘^'^e~'^), real and independent 
of k‘^ and g^. Consequently, an n-loop diagram generates terms 'K 2 n{k‘^)-, 
P 2 n+ 2 {k^) of 0{Eg‘^"',e~"'), 0{Eg‘^^^'^,e~^). To N loops (summing over 
appropriate lower-order diagrams up to A^-loop diagrams free of countert¬ 
erm insertions) we have the quantities 7r(^)(/c^), /9(jv)(^^)) of 0{Eg‘^^ 
0{Eg‘^^~^‘^,e~^). Writing {d/dk‘^)7r{k‘^) = 7r'(/c^), etc., we see from (22) 
that 


TT(N){k‘^) 


^(jV)(fe^) 

7r(iV)(/c2) 


0 , 


0 


(23) 



as e ^ 0, and similarly for 7r2„,7r2n, and /9^/0, etc. 

It is sufficient for cj to be of the form 

= (24) 

i.e. that the counterterm parameters cw, cz, ca need not contain compo¬ 
nents of order a < n. We define, for J = W,Z, 

N 

^JNL = '^i'^J,2n,n “ (25) 

n=l 

N 

PJNL = PJ,2n+2,ng'^^~^^e~^, (26) 

n=l 

which are independent of and real. Clearly ttjnl, Pjnl are the lead¬ 
ing divergent parts of (7rj(A:^) — cj), pj{k‘^) taken to N loops. They are of 
0{g^^ e~^), (which we rely on below; they are also 0{Eg‘^^ , e~^), 

0{Eg‘^^+'^,e~^)). 

To N loops, and for J = W, Z, the principal denominator in Vj^^, (20) 
is easily seen to be 

djNik"^) = (1 + ^jNL)k‘^ - Pjnl + RjAi{k‘^)(^2N-N+i)^ (27) 

where the {2N, — A^-|-l) subscript indicates that Rj]\f{k‘^) is of 0{Eg‘^^ , e“'^+^). 
For the derivatives of dj^iik'^) we then have 

d'jNi^"^) = 1 + TTjtvL + R'j]\fi^‘^)(2N,-N+l)i (28) 

^Jiv(^^) ~ '^J7v(^^)(2Af,-Af-l-l)) (29) 

where (a) indicates any derivative beyond the first. 

We renormalise the IT and Z propagators to have the (principal) pole 
masses Aiwi -Mz, with 

Mj = mj-i6j (J = W,Z), (30) 

where 

mj = Pjg, 5 j = 6j4g^ + Sj^g^ H - (31) 

and mj, 5j are arbitrary (to be fitted to experiment in a complete physical 
theory). (As usual, the renormalisation of the IT, Z and photon propagators 
is to proceed, order by order, in step with the order by order renormalisation 
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of ghost and fermion propagators and vertices as discussed below, to fix, at 
each order, the counterterms needed for renormalisation at higher orders.) 
We write 

djNik^) = dj]sf{M‘^) + dj]^{M‘^){k‘^ — Mj) + — Mj)^ + • • • . 

(32) 

From (27) we obtain 

djN{M^) = (1 + TrjNL)m^j - [1 + ^j(N-i)L]id + 0{Eg'^^+'^, e“^) 

-PJNL + RjN{k‘^){2N,-N+i)- (33) 

We impose the mass condition 

'kjNLmj - pjnl = 0 (34) 


at = 1,2,... loops; i.e. at every order n we take, using (25), (26), (31), 

Cj,2n — T^,},2n,n fdj P.},2n+2,n- (35) 

At each 0{g^^) we are cancelling the most divergent (e””") part of the 
9nu{—k‘^'^{k'^) + /o(^^)] component of TTfj_^{k), (3), at k"^ = rrij. We may 
compare this with the usual subtraction procedures in QED and QCD, in 
which (with p{k‘^) = 0) the divergences in vr are fully cancelled, order by 
order, at every a < n. In this theory it is not necessary to can¬ 

cel all the divergent parts of the g^i, component of as is shown in what 
follows. 

We define 

ZjN = {'^ +'kjNL)~^, (36) 

which turns out to be the renormalisation factor. We see from (33), (28), 
(29), using (30), (31), (25), (26) and (34), that, correctly to 0{g'^^~^^) {ttjnl, 
Pjnl are precisely 0{g‘^^), 0{g‘^^^‘^) as well as 0{Eg‘^^), 0{Eg‘^^~^‘^)), 

ZjNdjN{M‘^) = 0(e), (37) 

ZjNd'ji^{M^) = 1 -|- 0(e), (38) 

and 

Z,jNd!'jl{M^) = 0{e). (39) 

Then from (32) we obtain, correctly to 0{g‘^^~^‘^), 

\iui[ZjNdjN{k^)] = k^ -M\ (40) 

e —>0 
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Since N is arbitrary, this result extends to any order. Then from (20) we 
see that the renormalised propagator is 

(41) 

for J = W,Z (we deal with Qj{k‘^) below), and that the renormalisation 
factor is, to N loops, Zjn- 

For the photon we have the denominator 

dA{k'^) = [1 + TTAik'^) - CA\k‘^ - PA{k^)- (42) 

We define 

Zan = (1 + ^anl)~^-, (43) 

where ttanl, independent of and real, is defined by (25) with J = A, 
while CA is determined, by (9), from cw, cz given by (35); it is of the form 
of cj, (24). To one loop, (55), (63) below show that PA{k‘^) = 0 and that tta 
diverges. If PA{k‘^) = 0 to all orders, as holds true in QED, or if pA is less 
divergent than tta at each order, then the photon remains massless. If that 
is so, we have 

dAN{k^) = (1 + ^ANL)k‘^ - PAN{k‘^){2N+2-N+(T) + 0{Eg‘^^, e“^+^) (44) 
and, correctly to obtain 

\im[ZANdANik‘^)] = k^ (45) 

for arbitrary N, so that Zan is the renormalisation factor and (we deal with 
QA{k‘^) below) the renormalised propagator is 

J^[<3a(A:^)]}- (46) 

To determine Qw{k‘^) we could choose cq, order by order, such that, to 
any given 0{g^^), 

lim[fwArL(7fu/7VL)~^] = —(47) 

e^O 

where twnl is defined analogously to t^wnl (see (17), (25)) and A is arbi¬ 
trary real. Then, using (21), (34), it is easy to show that (41), for J = IT, 
becomes 
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which has the form of the W propagator in GSW theory [7] except that the 
gauge parameter ^ has been replaced by A, arbitrary and independent of 
^ (also, miv in the principal denominator has been replaced by the renor¬ 
malised mass Aiw)- To one loop, it follows from the results given below 
that, with this choice of cq, the Z and A propagators would also be of this 
form, with Aiw, replaced by Aiz, rnz] 0, 0. 

However, we choose A = 0; more correctly, we do not impose (47) but 
instead take cq to be 


C6 = X!” S C6(2n) / 0. (49) 

Then (21) gives 

l\m[Qw,z,Aik'^)] = 

and, to all orders, the W, Z propagators (41) become 


i'r>%Ak) 


—I 


P — + ie' 


9\i,v 


-|- ie' 


(50) 


If PA is zero or less divergent than at each order, then the renormalised 
photon propagator is also of the form (50), with M. j replaced by zero. We 
see below that this is so to one loop. These Landau-gauge-like propagators 
are independent of the arbitrary gauge parameter 

For each ghost, the self-energy integrals are similar to those of QCD. 
The general self-energy integral contains the factor {k -|- p)^ki^ coming from 
the terminal vertices, where k, p are the ghost and a loop momentum. The 
self-energy is in = ik'^nQ{k‘^), the same for every ghost , ri~, rj^, rj"^). 
Summing the usual series gives, for each ghost, the renormalised propagator 


=-i[e+ (51) 

and the renormalisation factor 

Z3 = (l + fto-C3)-^ (52) 


It has been shown by’t Hooft [29,30] that the contributions to 5-matrix 
elements made by the poles at = 0 in the gauge boson and ghost prop¬ 
agators (50), (51) cancel to zero. This is the same cancellation that occurs 
in GSW theory between the contributions from the poles at k'^ = 
k"^ = in the W, Z and ghost propagators. 

It is possible that the renormalised propagators should be identified with 
physical bosons and fermions. However, such an interpretation would require 
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the putative unstable-particle extension of perturbation theory suggested in 
section 1, and we do not pursue this question here. 

We now restrict the discussion to one loop, discarding unnecessary in¬ 
dices. Using the propagators (12), (13), (14) we calculate the values 


Tw = 'rz = ta = taz = 0 (53) 

so that, by (17), 

TW = rz = ta = (54) 

and 

PA = PAZ = 0, (55) 

and the divergent parts 

■KWe = “ t ) + 1 “^^’ 

-Kze = u;(^ — ^) cos^ 6*-|-Icunsec^ 0(1 — 2sin^ 0-|-I sin^ 0), (57) 

TTAe = ti;(.^ — ^) sin^ 0-|-^(jnsin^ 0, (58) 

TiAZe = u;(^ — ^) sin0cos0-|-|wntan0(l — I sin^ 0), (59) 

itg = /c^TTOe = — 3)/?^, (60) 


together with (4) for the divergent parts pwe-, PZe-, where uj = ^(^(IGTr^e) ^ 
and n is the number of generations. Then cw-,cz are given by (35), so that 

cw = -7 i(4n - 3)] - + 3m|i), (61) 

and CA, cb, caz are given by (9), (10). 

Defining 0 by 

mw = nrz cos 0, (62) 

it follows from (17) and the results above that 

TAe = TZe = ^We = PWeTTl^ = PZt'm'^'^ 

= TTe (63) 

and that 

taze = 0. (64) 

These results, and so (62), are needed for the complete renormalisation to 
one loop of the whole theory to succeed with the BRS-invariance conditions 
(7) satisfied. 
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With the choice (49), which at one loop is ce = Ce( 2 ) 9 '^e“^, we obtain the 
renormalised propagator (50) for the photon (with A4j replaced by zero) as 
well as for W and Z. If we had imposed (47), then (54), (63) would cause 
(47) to hold also for Z and A, and the Z and A propagators would take the 
form of the W propagators (48), with appropriate mass replacements. 

We see from (36), (43) and (63) that W, Z and A lines carry the common 
renormalisation factor 

Z3 = (l + 7r,)“^ (65) 

'^ 1/2 

On renormalising A ^ Z, there are divergent Zg factors from the 
A,Z lines multiplying the insertion which to one loop is finite, by 

(18), (64), to give zero as e ^ 0. This simplifies diagrams and the physical 
interpretation of the A and Z propagators. In GSW theory, however, there 
is a double-pole A — Z propagator [21]. 


4. Fermion propagators and masses 

For each fermion the full propagator is given by 

= i(ji - + a + -I -) ( 66 ) 

where 

a = [S(^) — m + (ji — m)~^, (67) 

in which m stands for the initial mass mi {meji, muji, mdji, zero for a 
neutrino), the first m in ct is from —Cm in Ci, and k = Ki + K 57 ®, with, 
from ( 6 ), 

= \{c2£jL + C2ejR), ^5 = \{c2ejL “ C2ejij) (68) 

for a charged lepton, or similar expressions for other fermions, while 
(from the self-energy is of the form 

C{f) = —a{p^)^ + b{p‘^). (69) 

We write a(p^) = ai(p^) -|- a 5 (p^) 7 ®, 6 (p^) = 6 i(p^) + ■ 

To sum the series ( 66 ) in the usual way with —m in the numerator of a, 
we must take each m to be 0{g^), /c > 0. We make the choice 

m-ejl — Pejld) '^ujl — Pujl9} — iSdjlSi ('^d) 
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which we write generically as m = mi = Pig. Then, correctly to any given 
0{g^), (66) sums to 

- a)~^ 

= i\^ — m — {T, — m + (71) 

= i{[l + aip"^) - k]^ - , (72) 

using = {BA)~^ and (67), (69). In (71) we see the cancellation of 

the m terms from Cq, Ci; however, the presence of m in the propagators 
—i(|i — mji) is responsible for the generation of the mass term b{p^), from 
which we obtain the renormalised fermion mass. 

We outline the procedure proposed for the renormalisation of the charged 
lepton propagators to all orders. Then we renormalise all the fermion prop¬ 
agators to one loop. 

We renormalise each charged lepton propagator to have the pole mass 

M = mpi — id (73) 

= Pr9 - ^—), (74) 

where m/j, d are arbitrary (to be fitted to experiment) and the generation 
index j has been suppressed. For the electron, which is stable, the S'-matrix 
reduction formula requires the renormalised and initial masses to be equal, 

i.e. 

MeR = meR (= melij) = rUei (= meii). (75) 

For each charged lepton we write 

a(p^) = a(A4^)-b a'(A4^)(p^ - A4^)-h 5!a"(A4^)(p^ - A4^)^ H- 

= + + (76) 

and similarly for b{p^), in which Ua{i>), Up]/)) depend on observing the order 
of factors shown. The denominator in (72) is then 

d{i)) = [1 + a{M^) - k]M - b(M^) 

-b[l -b a(A4^) - K + 2M^a'(M^) - 2Mb'(M^)](]/i - M) 

+ [2Ma\M^) + MUa{i>) - " Mf. (77) 

We make assumptions about the structure of a{p‘^), b{p^) similar to those 
made for tt, r, p in section 3. Writing b{p^) = a{p^) = 

Ea 2 n(p^), bj{p^) = J 2 bj( 2 n){p^), we assume that each of a 2 n{p^), fej( 2 n)(P^) 
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is of the form ( 22 ) (with /c^ replaced by p^) and that a2n,n, ftj( 2 n,n) are 
real and independent of and g^. We denote a{p‘^), a{Ai‘^), b{p‘^), bj{p‘^), 

... taken to N loops as a( 7 v)(P^)) ®(Af)(-^^)v • • > and, following the treatment 
of TT, r, p in section 3, refer to a(jv)) ^j{N)^ ^( 7 V) as being of 0{Eg‘^^ 
0{Eg‘^^0{Eg‘^^~^^,e~^). Equation (22) holds for a(jv)(p^)) ft(Ar)(p^)- 
It is sufficient for k to have the form 

^ (78) 

“ X/(^l( 2 «) + ^5(2n)7^)fl'^”’e (79) 

We dehne the leading divergent parts of [a(p^) — k], 6 (p^) taken to N loops 
as 

CiNL = (iNL — kn 
N 

= ^ (a 2 n,n — «^ 2 n) 5 '^"'e ”, (80) 

n=l 

N 

bNL = E ( 81 ) 

n=l 

which are independent of and real, in general contain 7 ^ parts, and are 
0{g‘^^e-^), 0{g^^+h-^) (as well as being OiEg"^^,e-^), 0{Eg^^+\e-^)). 
To N loops we have 

[a(p^) - k](jv) = a-NL + Mk‘^){2N,-N+i), (82) 

K^‘^){n) = ^nl + B{k‘^)^2N+i,-N+i)7 (83) 

where the suffices on A, B indicate the orders 0{Eg‘^^, e”'^'*'^), 0{Eg‘^^~^^, 
e-'^+i); so that a'{k"^) ,a" {k"^), ...and 6 '(P), 6 "(/c^),... are of these orders, 
respectively. We also dehne 

Zn = [I + aNL]~^- (84) 

To N loops, d(;i), (77), becomes, using (73), (74), (80), (81), (82), (83), 

di^)iN) = il + dNL)mR-{l + a^N-i)L)id + 0{Eg‘^^^‘^,e~^) + 0{€~^^^) 
-bNL + [1 + dNL + -M) + [0{e-^^^W - M)\ 

(85) 
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where the 0{e terms are of maximum order (A^ — 1) in e ^. We impose 

the mass condition 

aNLrriR — bj^L = 0 ( 86 ) 

for = 1,2,... loops. From (80), (81), (78) it then follows that 

l^2n — 0,2n,n ^2n,n- (^^) 

At one loop b{p^) = i.e. 62,1 = so that (87) is K 2 = 

02,1 - rnim]^^B2,i. 

From (72), the propagator is, to N loops, 

*5'F(iV)(^) = i[ZN^ZNd{^)^Rf)]-^ 

= — - .Zr[ ( 88 ) 

on using {AB)~^ = B~^A~^. From (74), (84), (85), ( 86 ), we see that, 
correctly to 

lim[ZAr(i(|i)(Ar)] =^- M, (89) 

so that, using ( 88 ) and taking the appropriate charged lepton values for 
02 n,n, b 2 n,n, the renormalised charged lepton propagator is 

iSp{^) = i{j) - M)~^ (90) 

to all orders, since N is arbitrary. From ( 88 ) we see that this propagator is 
multiplied on the right by the renormalisation factor Z]\f. 

We now restrict the discussion to one loop and discard unnecessary in¬ 
dices from a, b, k. We calculate in d = 4 —2e dimensions, using the propaga¬ 
tors (12), (14), and retain only the divergent parts (writing = a, b^ = b, 
Ke = k) since finite parts do not contribute, as we saw above. 

For a charged lepton we obtain 


ai + 057® 


+ 5t‘^ + 3{l - 

(91) 

bi + 657 ^ 



(92) 


17 



where to = 5 '^( 167 r^e) t = tanO and mi = meji- We see that 65 = 0. 
Using (79), (87) and (84) we obtain 

Ki = iu;C(3 + 5t2) - i ) w(C + 3)t^ 

® \mRJej 

Ze, = ^(e + 3)t^ 

to 0 ( 5 ^), and, from (68), 

C2ejL = iwC(3 + t^) - ^ u}{^ + 3)t^, (96) 

\ / ej 

C2ejR = w(e + 3)^^ (97) 

where ej labels the charged lepton in generation j. For the electron, which 
is stable, we must have mi = m_R. It appears that we could take mi = mR 
also for the higher charged leptons (/U, r,...), which are unstable. 

The renormalisation of each neutrino propagator proceeds similarly. To 
one loop we find that b^, = 0, so that each neutrino must be massless. If we 
had placed nonzero initial neutrino mass terms rnujiRjRj in ( 6 ), then bi, 
would remain zero, neutrinos would be massless, mi^j = 0 ; and then stable 
because of the nonzero masses of charged leptons, so that the S-matrix 
reduction formula would require m^j = m^ji, contradicting m^ji 7 ^ 0. At 
least to one loop, the theory only admits massless neutrinos. To one loop 
we obtain 

= |‘^C(3 + t^)(l + 7^), (98) 

and since rjr does not appear in C, 

Rui = Rvb = \c2tjL (99) 

with C 2 tjL given by (96). From (98), (99) we find that, to 0{g^), the renor- 
malisation factor is 

Zi/j — 

= i-if—) ‘^^^(i + T^); (100) 

\mRj ej 

however, since Z^j stands to the right of the neutrino propagator and every 
neutrino vertex contains 7^(1 — 7^), this factor in effect is equal to Zej-, so 


(93) 

(94) 

(95) 
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that to one loop we have the common lepton renormalisation factor in each 
generation 

Z2tj = 1 - = \ f—\ + 3) tan^ 9. (101) 

\mRj ej 

In standard renormalisations of GSW theory [7,31], the right and left com¬ 
ponents of the electron propagator carry different factors Z 2 L, Z 2 R. 

The up and down quark propagators are renormalised in the same way. 
To one loop we find that 


auj = |wC[3 + + (3 - huj = + (102) 

adj = |t^C[3 + + (3 - bdj = + 3)t‘^mdji. (103) 


The condition (86) then requires that 






(104) 


leading to two expressions for C 2 qjL'- 


C2qjL = i^e(3 + ^)i^-^(^)^.c^(C + 3)t2 

= i‘^?(3 + ^)i^ + +3)t^ 

so that 

\ / dj \ / uj 


(105) 

(106) 

(107) 


Then we obtain a common renormalisation factor for the up, down quarks 
of generation j, which to 0{g^) is 


Z2qj — 1 Agj, 
In addition, we obtain 


= ^(C + 3)tan2 0. 

\ ''^R / uj 


C2ujR = ^ W(C + 3)t^, 

\ R^R / uj 

C2djR = + + 


(108) 


(109) 

( 110 ) 


In the absence of confinement with only electroweak interactions present, 
a stable quark, like a stable lepton, can appear as an isolated particle in 
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(in, out) states in our perturbative formalism. Assuming that the lightest 
quark is the (first generation) u quark, u is stable and the S'-matrix reduction 
formula requires that niuii = niuiR- Then (107) gives 


rudii = -2mdiR ( 111 ) 

for the d quark, so that d must be unstable in this theory. (The quantisation 
procedure does not require that rudii >0.) This result is not in conflict with 
the instability of d seen in neutron decay. Equation (107) also shows that 
at least one of c, s and one of t, b must be unstable in this theory; of course, 
physically they all are. 

5. Vertices 

In this section we outline a way to renormalise vertices to all orders, using 
the WWZ vertex as an example. Then we complete the renormalisation of 
the whole theory to one loop. 

For the WWZ vertex, expressed in terms of W^, W~, Z lines carrying in¬ 
coming momenta and indices p, A; q, p; r, v respectively, the unrenormalised 
coupling is 

vwwz = -igcose[{r-q)xg^y + {q-p)ugx^ + {p-r)^gyx] 

= gfwwz- (112) 

All the one-loop and counterterm contributions contain the factor vwwz, 
and we shall assume that this holds true to all orders. Renormalising, and 
factoring out fwwz, we obtain the vertex quantity 

Gr = g{l + di — ci)ZwZy^ 


— [1 + 0{e)]GRL 

(113) 

where di, ci are the vertex part and counterterm and 


Grl = 5(1 + diL — ci)ZwZz^‘^, 

(114) 

in which Zw, Zz are given by (36) and 


dlL = ^ di(2n,n)g^^^ "" 

(115) 


is the leading divergent part of di (c.f. ttnl)- We have anticipated that ci 
is a series in g^e~^. 
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With diL, Cl, TTwL, ^ZL correct to 0{g‘^^), N arbitrary, Grl is then 
given correctly to 0{g^^) by 

Grl = gi'^ + diL - ci){l - TrwL +^WL - - \^zl +~ 

= g[l + Y^idi - Ci)^2n,n)9^^e-^] [l + E P 2 ng^"^~"] > (US) 

where 

P 2 = —{'KWL2 + \^ZL‘2)-, ( 117 ) 

P 4 = —{'^WLi + ^^ZL4)+T^WL2 + ^^‘zL2ph^WL2^ZL2, (US) 

and so on. It is clear that we can choose ci, order by order, 

Cl(2) = C?i(2,l) + 7^2, (119) 

Cl(4) = C?i(4^2) + [c^l(2,l) “ Ci(2)]i^2 + A, (120) 

and so on (obtaining ci = X) ci( 2 n) 9 '^"'c~"') such that Grl = to 0{g‘^^), N 
arbitrary. Then, from (113), we have, in the limit e ^ 0, 

GR = g (121) 


to all orders. We have renormalised the WWZ vertex to obtain the coupling 
parameter gR, with gR = g; and with 9, in fwwz, unchanged, i.e. we have 
Or = 9. 

We now complete the renormalisation of the whole theory to one loop. 
We take mi = uir for every charged lepton and up quark (we recall that 
this does not restrict the imaginary part of the mass of an unstable fermion). 
We obtain the standard coupling at each vertex, with gR = g, 6 r = 0. It is 
convenient to drop unnecessary suffixes in what follows. 

An analysis of loops shows that all boson-boson and boson-ghost vertices 
renormalise with gR = g, 6 r = 6 provided that the equations 

di - Cl - Itt = 0, (122) 

ds — C5 — 27r = 0, (123) 

di - Cl - TTo + C3 - ifr = 0, (124) 

hold, where tt is given by (63), ttq by (60), and di, ds, di are reduced 
three-boson, four-boson and boson-ghost vertex parts, from which certain 
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coupling constant and momentum-dependent terms have been factored out. 
By calculation and using SU{N) results [28] we obtain 


di = -17 + 8n), (125) 

ds = - 4 + 4n), (126) 

di = (127) 

Then (120), (121), (122) give 

Cl = i(j(9^ - 17-h8n) - Ivr, (128) 

C 5 = |ci;(6^ — 4 + 4n) — 2?!, (129) 

C3 - Cl = -lu;(^ + 3) + lyr. (130) 


The values of cs, ci separately are not determined by renormalisation to one 
loop. 

The renormalisation to one loop of the lepton-boson vertices is similarly 
straightforward. For the e{ii,T)vW vertices to renormalise to the standard 
coupling, we must have 

^(1-7^) = ^(l-7®)[l-Af-l7r-cui,-hl(l-tan2 6»)ui-C2], (131) 

where the terms vi = — V 2 = — |ca(^ + 1) come from the vertex parts 
comprising one boson and two fermion lines, and two boson and one fermion 
lines respectively. This gives, using (101) with mi = m/j, 

ciiL = i‘^[^(5 — tan^ 6) + 6(1 — tan^ d)] — ^tt. (132) 

The zero vvA vertices require that 

C£L = \giSin 6 {cuL -V1 + V2) 

= (/tandjlcap^ — (,f + 6)tan^ 0] — ^Tr}, (133) 

and these values of ci£j^, c^^, independent of j (generation), renormalise the 
vvZ vertices correctly. Then the eeZ (etc.) and eeyl (etc.) vertices are 
renormalised correctly on choosing 

CeR = ^5'tan0[w(^ — 3) tan^ 0 — tt]. (134) 
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The renormalisation of quark vertices goes through similarly. We obtain, 
taking mi = mu for each up quark, the generation-independent results that 


ClqL 

= i(l - itan^6»)ui - U2 - Ag - iyr, 

= \u)[bi + Q - + A) iscr? 9] - ^2^, 

(135) 

CqL 

= gtanOl^TT — |w[C(l — ^ tan^ “ I ^an^ 0]}, 

(136) 

CuR 

= (/tan^l^Tr — |t(;(^ — 1) tan^ 0}, 

(137) 

CdR 

= 5(tan0[—gTT — iu;tan^ 0]. 

(138) 


To one loop the SU{2)l x ?7(l)y-invariance conditions (7) are 

civ — Cl = Cl — C5 
= C3 — Cl 
= C2£jL — ClijL 

— C2qjL Clqjl^, (139) 

where, with mi = mR for the charged leptons and up quarks, the c,,jL are 
independent of the generation index j. We see that these equations are 
satisfied by the values given by (61), (128), (129), (130), (96), (132), (105) 
and (135). 

The renormalisation of the theory to one loop is complete, with the con¬ 
dition (7) satisfied, and with the bosons and fermions possessing appropriate 
real and complex masses. 

Renormalised to one loop, the W, Z, photon, ghost and fermion prop¬ 
agators, and the coupling parameters g, 6, are independent of the gauge 
parameter Then the resulting 5-matrix elements are independent of 

6. Conclusions and discussion 

We have set up a perturbative SU{2)l x U{1)y electroweak theory con¬ 
taining W, Z, photon, ghost, lepton and quark fields, but no Higgs field. We 
make an unconventional choice for the unperturbed Lagrangian Cq. Then 
physical W, Z and fermion masses are obtained on renormalisation to one 
loop by a somewhat unorthodox but systematic method. The renormali¬ 
sation preserves the usual couplings, with renormalised parameters gR, Or 
equal to the original parameters g, 9, requires neutrinos to be massless and 
mw = cos 6 to hold, and causes the A Z mixing to drop out. Also, 
the theory renormalised to one loop gives 5-matrix elements that are inde¬ 
pendent of the gauge parameter C 
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The theory should be renormalisable to all orders, as we have outlined 
such a systematic procedure to renormalise the boson and fermion prop¬ 
agators and the vertices, to arbitrary order. As discussed in section 1, a 
treatment of the unitarity of this theory, which contains unstable particles 
(and similarly a proper treatment of unitarity in the Standard Model), waits 
for an extension of perturbation theory that incorporates unstable particles 
consistently. 

The choice of Dirac, not Majorana, masses (2) for the fermions forced 
the neutrinos to be massless, as neutrinos lack right-handed partners in 
the Standard Model. In turn, this choice implied a charge-neutral vacuum, 
unbroken lepton number and QED gauge symmetries, and a massless pho¬ 
ton (55). Furthermore, careful consideration of the SU{2)l symmetry prop¬ 
erties of the TTj shows that the phenomenologically necessary relation (62) 
between mw and mz is automatic. Majorana fermion masses would violate 
this requirement, but they should be explored as a theoretical possibility. 

The mechanism of fermion and gauge boson mass generation (dynam¬ 
ically broken chiral and gauge symmetries) presented here and earlier [3] 
bears similarities to existing models, but with some important differences. 
The fermions breaking chiral and gauge symmetries are the Standard Model 
fermions themselves, with no new particles or interactions necessary, unlike 
technicolour [32] and top condensate [33] models. And our scheme is pertur¬ 
bative in the gauge coupling. This feature differs from the non-perturbative 
“soft” fermion self-energy ansatz for dynamically breaking chiral gauge sym¬ 
metries discovered by Jackiw and Johnson [34] and applied to the Standard 
Model by Carpenter et al. [35]. In that scenario, the gauge boson and 
fermion mass(es) are linked by a finite relationship after renormalisation 
that predicts too large a top quark mass (or equivalently, too small W and 
Z masses). Our scheme renormalises the fermion and gauge boson masses 
separately, so that their masses remain independent. 

On the other hand, simple Ward identity arguments [36] imply in all 
of these models an effective Higgs-like scalar resonance with mass mn — 
\/2mt ^ 250 GeV, independent of model solution details. The question of 
choosing the perturbative or non-perturbative solution can only be settled 
by explicit calculation of the vacuum energy, an issue, like unitarity and 
Majorana masses, we leave to a subsequent treatment. 
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